In this paper, several approaches for calculation of the effective tensor coefficient for domains with inclusions have been proposed. The limits of the approaches using are found. The series of numerical experiments are made on the different frequencies, for different inclusions location and boundary conditions for the contrast properties of the matrix and inclusion materials.
Introduction
The composite materials with microinclusions can be made from dielectric or conductive elements and have the periodical or arbitrary structure. The form of the microinclusions can vary from simple sphere to complex geometry [1] - [3] .
The research of the composite materials by analytical methods is quite difficult because of complex geometry and structure of the objects, wide frequency bandwidth and different physical properties of the materials. The classical averaging doesn't lead to physically well-founded results in most cases. Sometimes we can't use these methods at all. We propose to use the numerical modeling methods in this work.
The most effective method for the 3D modeling of the electromagnetic fields is the vector finite element method [4] [5] . In recent years, the special modifications of the finite element method have been done. These modifications are adopted for the modeling electromagnetic field in the media with multiscale and small inclusions. The examples of such methods are the multiscale methods, discontinuous Galerkin method [6] [7] .
It should be said that the electrophysical properties of the material with microinclusions can be greatly distinguished from the properties of the source materials. The properties of the composite material are mostly defined by interactions between inclusions. The effective characteristic of the media with the microinclusions can be used when the size of the inclusions is much smaller than the wavelength of the generating field [2] [8] [9] . The popular models of the composite materials in frequency domain are Drude and Lorentz models [2] [3] [8] .
Hashin and Shtrikman [10] proposed the variational procedure for the calculation of the effective tensor of conductivity at heterogeneous media with microstructure in 1962. The equivalent parameter of the homogeneous medium lies in the base of this procedure. The electric potential of the medium surface is kept on by using equivalent parameter. Such approach is widely used in the conduction and elasticity problems [9] [11] .
We propose to present the composite material with microinclusions as some anisotropic medium. There are some reasons of the anisotropic properties. The material can be isotropic, uniaxial or fully anisotropic, i.e. has different properties along different directions. It depends on the type of the relations between molecules of the material. The anisotropy of the dielectric properties of the medium determines by the structure of the lattice [12] . In geophysics the term macroanisotropy is used for the media consists of many small objects [13] - [15] . It can be thin-layered structures, rocks with cracks and pores filled by liquid. Such media can be considered as macroanisotropic without concentrating on the interior media structure [16] [17] .
The new approach to the calculation of the effective tensor (anisotropic) characteristic of the medium with microinclusions is proposed in this work. We investigate electromagnetic field in the media with small inclusions. The calculations were made for different frequencies, electrophysical properties of the materials, geometry structure of the researched objects. The effective characteristic of the medium as a complex valued second rank tensor is computed using the results of the 3D modeling of the electromagnetic fields in the medium with microinclusions. The modeling of the electromagnetic field with effective characteristic was done. We compare these results with the results of the modeling in isotropic medium with inclusions.
In Section 2, the variational formulations for modeling of electromagnetic field in the isotropic medium with inclusions and anisotropic medium with effective tensor coefficient are done. The new approach to the calculation of the effective tensor coefficient from the modeling results is described in the Section 3. In Section 4, we compare the results of the computation of the electromagnetic field in the media with inclusions and tensor coefficient. The computations were done on low and high frequencies for different type of field source.
The Problem Formulation
The electromagnetic field in frequency domain is described by the vector Helmholtz equation with complex valued E:
where E is the electric field (V/m), 2 2 k iωσ ω ε = − is the wave number; 2 f ω = π is the cyclic frequency 
Variational Formulation for the Helmholtz Equation for Isotropic Medium with Microinclusions
We define Ω as 3D heterogeneous domain with Lipschitz-continuous boundary Γ . Let's introduce the following spaces [4] ( )
H curl, curl , 
The norm in the space
( )
H curl,Ω is the following:
The special relations called the De Rham complex are fulfilled for the spaces
The finite-dimensional discrete analogues of the functional spaces also fulfilled the De Rham complex. The variational formulation for the Equation (1) with boundary conditions (2) and (3) is the following [20] : find
the following equation is fulfilled:
The computational domain breaks to n non-overlapping tetrahedrons (the adaptive triangulation) to obtain the discrete variational formulation. Let us introduce the finite-dimension subspace for the space
The basic functions
are vector functions of the first order. The using of these functions is guaranteed the tangential continuous of E on the boundaries between different media [4] .
The discrete variational formulation is follow: find
The finite element solution of E is the following expansion by basic functions:
where i q -the weights of the expansion h E by basic functions of the space
v w x  , the discrete variational formulation in matrix form is the following:
( )
The elements of the matrixes G and B are defined as:
The boundary conditions (2) and (3) are fulfilled in the vector F. The system of linear algebraic Equations (10) is solved by the special two-level solver [21] .
Variational Formulation for the Helmholtz Equation for Anisotropic Medium with Effective Coefficient
The electric field in frequency domain with effective coefficient is described by the Helmholtz equation:
where Z-effective coefficient (tensor of the second rank). The boundary conditions (2) and (3) are used.
The functional spaces where we'll find the solution are the same as for isotropic problem (4) and (5). The variational formulation for anisotropic problem has the following form [17] : find
By using the functional spaces (4) and (5) and expansion (9) the variational formulation (14) became the system of linear algebraic equations:
where A, S-finite-element matrices defined by the following expressions
In common case the arbitrary anisotropic medium is described by the following bilinear form: 
For such media the matrix S is the following: ( 
The Calculation of the Effective Coefficient of the Medium
Let's consider the system of Maxwell equations in frequency domain:
The media considered in this work has homogeneous magnetic properties. The coefficient iωε σ + which includes the information about the microinclusions can be replaced by effective tensor. Let's denote the effective tensor by Z. So we have the following problem in terms of the second order equation:
where Z-complex-valued tensor of the second rank. The dense tensor of the second rank Z has the following form .
We use the Equation (19) for the calculation of the Z components. E and curl H are vector variables. That's why we define the following procedure of the computation of the tensor Z.
where i, j are defined as x, y, z. Taking into account that E and H are the complex-valued vectors, the real and the imaginary components of Z can be computed separately as
Re Re Re
Another approach to the computation of the effective coefficient as a dense tensor can be proposed. We obtain
the value of the vectors curl H and E at the n points of the domain from the solution of the problem in isotropic media with inclusions. Denote the value of the field at the point i x by
. Then we need to solve the following system to obtain the coefficients of the tensor Z:
,
where i x , j x , k x are different points in the domain, l is the number of the tensor's row,
H x  -the first, the second or the third component of the vector curl H in the point i x . The effective tensor of the medium can be obtained by the averaging of the system's solutions by all the points.
Numerical Experiments
We choose domain with small spherical inclusions as a computation domain. The inclusions can be located nonregularly (Figure 1(а) ), regularly (Figure 1(b) ) and we have the domain with large number of inclusions (Figure 1(c) ). The size of the computational domain is 15 mm × 40 mm × 15 mm. The diameter of the inclusion is 2 mm. The number of inclusions is 40. The medium is nonmagnetic and 0 µ µ = for all cases. The field source is given electric boundary condition (2) on the faces of the computational domain (Figure 2 ).
The one-side boundary condition is assigned on the left face of the object ( )
and it looks like (Figure 2(а) ).
The boundary conditions (2) assigned on the left ( )
and bottom ( 0.015 z = mm) faces of the object make a closed path (Figure 2(b) ). The all tests were done on two frequencies: the low frequency (10 kHz) and high frequency (7 GHz). The wavelength on the low frequency is much more than the inclusion and domain sizes. The wavelength on the high frequency is comparable with the domain size, but much more than the inclusion size.
In the Section 4.1 we estimate the results of the calculation of the coefficient Z by the formulas (22), (23) in homogeneous medium and in the medium with microinclusions. In the Section 4.2 we try to find the possible values of the medium properties for computing coefficient Z correctly. The modeling results in the domains with regularly located and nonregularly located inclusions are given in the Section 4.3. The numerical experiments were done on the low (10 kHz) and high (7 GHz) frequencies. Two types of boundary conditions were used. It was one-side boundary condition and conditions assigned on the closed path.
How to Calculate Z Physically Correctly?
To obtain which approach to find tensor coefficient is correct we define the follow criterion. The components of the electromagnetic field computed for the medium with microinclusions and for the medium with effective 
The tensors obtained by (22) are dense tensors without predominant of the diagonal elements. The non-diagonal elements of the second row of the tensor are bigger than the all other elements of the tensor. We have a good coincidence between problem with isotropic coefficients and problem with anisotropic coefficient Z on the frequency 10 kHz (Figure 3(a) ). But we couldn't obtain results on the frequency 7 GHz. The discrepancy of the problem in the iterative solver has exponentially growth. The solution can't be obtained.
The formula (23) 
The tensors
Z have diagonal predomination. The values of the diagonal elements are equal to the values of the isotropic coefficients σ and ωε. The results of the modeling with these tensors have a good coincidence with the results of the problem with microinclusions for the all frequencies (Figure 3(b) ). The same picture is observed for the medium with higher conductivity 0.1S m σ = (Figure 3(b) ). The tensor obtained by the (22) for the problem with microinclusions on the low frequency gives the same good result as in homogeneous medium. The values of the field components have a good coincidence outside of the inclusions for the problem with inclusions and the problem with anisotropic coefficient (Figures 4(а) and 5(a) ). The solution of the problem with anisotropic coefficient on the high frequency was not obtained for such tensor. The tensors obtained by (23) allow getting solution of the problem with anisotropic coefficient for the medium with inclusions on the all frequencies. We have a good coincidence between the results of these problems outside of the inclusions. (Figures 4 and 5) . The results given later are obtained using the formula (23).
The Admitted Region for the Parameters of the Inclusions
Effective coefficient is some average of the medium consisted from the materials with different properties. In this Section we define for what kind of media proposed approach can be used.
The series of the numerical experiments have been done to obtain the possible contrast between properties of the matrix of the object and inclusions. The conductivity of the matrix is equal 0.001S m σ =
for the all experiments (Figure 1(b) ). The conductivity of the inclusions changes from 0.1S m σ = till 1000 S m σ =
. The results of the modeling for the problem with microinclusions are presented in the Figure 6(a) . You can see that the behavior of the field inside the inclusion is changed by increasing the conductivity since 10 S m σ =
. We can solve the problem with isotropic coefficients in the medium with microinclusions even for the contrast between the matrix and the inclusion equal to 6 10 . This is not true for the problem with anisotropic coefficient. The solutions of the problem with anisotropic coefficient have been obtained only for the first three cases. The contrast for these problems is 100, 1000 and 10000 (Figure 6(b) ). The modeling results have low difference between each other. We have smooth picture which is close to the results in the homogeneous medium with the conductivity of the object's matrix. The graph for the contrast equal to 10000 has a little bit lower amplitude inside the inclusion than other. The tensors for the higher values of the contrast don't allow getting the solution because of non-stable work of the iterative solver.
The inclusions occupies about 2% from the all object's volume for the domain with regularly located inclusions (Figure 1(b) ). We suppose that the properties of the object's matrix are dominant in the averaging procedure when we compute tensor coefficient because of little volume of the inclusions. We increase the number of the inclusion to prove it. Next problem have 176 spherical inclusions. The diameter of the sphere is 3 mm. The volume of the all inclusions is equal to 27% from the all object volume (Figure 1(c) 
And on the frequency 
We can see in the Figure 7 (a) that the electromagnetic field for the problem with effective coefficient is the same as in homogeneous medium for the frequency 10 kHz. More strong interaction between inclusions appears on the high frequency. The graph of the real field component z E for the problem with tensor coefficient are situated between the graphs obtained for the homogeneous media with the conductivities equal to the conductivity of matrix and inclusions. The form of the graph line is close to the form of the graph for homogeneous medium. We assume that the behavior of the field propagation changes for the object with large number of close situated inclusions. In this case the effect of anisotropy is appeared. 
The Results of the Modeling of Objects with Microinclusions
We investigate the influence of the boundary conditions and inclusions location on the electromagnetic field in this Section. Two cases of the inclusions location are considered. The first case is the regular location of the 40 inclusions (Figure 1(b) ). The second case is the nonregular location of 40 inclusions without overlapping (Figure 1(a) ). The one-side boundary conditions and conditions on the closed path are used for each case. The used frequencies are 10 kHz and 7 GHz. You can see the graphs of the electromagnetic field component for the problem in the isotropic medium with microinclusions and for the problem with tensor coefficient in the Figures 4 and 5. Also we add to the figures the graphs for homogeneous media with the conductivities equal to the conductivity of the object's matrix and inclusions. The graphs for the cases with the regularly located inclusions are made by the lines passing through the centers of inclusions. The line for the graph in case of nonregular inclusions is chosen as a nearest to the maximum concentration of the inclusions. The microinclusions located near the face with boundary condition can be distinguished more clearly for the domain with regular located inclusions on the low frequency. We can't choose the line passed though more than one inclusion for the domain with nonregular location of the inclusion. So the influence of inclusions on the field poorly expresses on the graphs. The maximum distortion is located near the face with boundary condition for low frequency. The distortion of the real component of the field z E became less visible on the high frequency for the all cases.
The results for the problems in anisotropic medium have a minimal distortion for the all frequencies and inclusion locations in comparison with the problem in homogeneous medium with the matrix conductivity.
We can distinguish the inclusions in the problem with the boundary conditions on the closed path for the all frequencies ( Figure 5) . The results for the problem in the anisotropic medium have a good coincidence to the results for the problem in isotropic medium with microinclusions outside the inclusions. The distortion of the graph for nonregular location of the inclusions is larger on the left side of the object because there are more inclusions located (Figure 5(c) ). The influence of the inclusions on the high frequency is non-significant and the form of the field is close to the distribution in the homogeneous medium.
Conclusions
The new approach to the calculation of the effective anisotropic characteristic of the medium with microinclusions is proposed in this work. The limits of using such approach are investigated. The modeling results for the problem with anisotropic coefficient are compared with the results of the problem in isotropic medium with mi-croinclusions. We analyzed the influence from the inclusion location (regular/nonregular) to the computed tensor.
Proposed procedure of calculating effective tensor characteristic of the medium is verified by the results of the modeling problem in the media with isotropic coefficients. We find the limits of possible contrast of the object's matrix and inclusion properties. The possible contrast can be no more than 10 4 . The proposed approach doesn't have limits on inclusion location, type of boundary condition or frequency.
